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AN EXTENSION OF THE LEVY CHARACTERIZATION 
TO FRACTIONAL BROWNIAN MOTION 

By Yuliya MishuraI" and Esko Valkeila^ 
Kiev University and Aalto University 

Assume that X is a continuous square integrable process with 
zero mean defined on some probabihty space (SI, F, P). The classical 
characterization due to P. Levy says that X is a Brownian motion if 
and only if X and — t, t > are martingales with respect to the 
intrinsic filtration F . We extend this result to fractional Brownian 
motion. 

1. Introduction. In the classical stochastic analysis Levy's character- 
ization result for standard Brownian motion is a fundamental result. We 
extend Levy's characterization result to fractional Brownian motion giving 
three properties necessary and sufficient for the process X to be a fractional 
Brownian motion. Fractional Brownian motion is a self-similar Gaussian 
process with stationary increments. However, these two properties are not 
explicitly present in the three conditions we shall give. 

Fractional Brownian motion is a popular model in applied probability, in 
particular in teletraffic modelling and to some extent in finance. Fractional 
Brownian motion is not a semimartingale and there has been lot of research 
on how to define stochastic integrals with respect to fractional Brownian 
motion. Big part of the developed theory depends on the fact that fractional 
Brownian motion is a Gaussian process. Since we want to prove that X is a 
special Gaussian process, we cannot use this machinery for our proof. Levy's 
characterization result is based on Ito calculus. We cannot do computations 
using the process X. Instead, we use the representation of the process X 
with respect to a certain martingale. In this way we can do computations 
using methods from classical stochastic analysis. 

LP(P) 

Notation and definitions. We use the following notation: — ?• means 
convergence in the space L*'(P), ^ (resp. means convergence in proba- 
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bility (resp. almost sure convergence) and B{a, b) is the beta integral B{a, b) = 
Jq x"'~^{l—x)^~^dx, defined for a,b > 0. The notation X„, < y+op(l) means 
that we can find random variables such that e„ = op(l) and Xn < y + e„. 
If in addition in such a situation we have X = P — limX„, then X <Y. 

If M is a continuous square integrable martingale, then the bracket of M 
is denoted by [M]. Recall that in this case we have 



Fractional Brownian motion. A continuous square integrable centered 
process X = {Xt)t>o with Xq = is a fractional Brownian motion with 
self-similarity index G (0, 1) if it is a Gaussian process with zero mean 
and covariance function 



If X is a continuous Gaussian process with covariance (1.1), then obviously 
X has stationary increments and X is self-similar with index H. Mandelbrot 
named the Gaussian process X from (1.1) as fractional Brownian motion, 
and proved an important representation result for fractional Brownian mo- 
tion in terms of standard Brownian motion in [3]. For results concerning 
fractional Brownian motion before Mandelbrot we refer to [5]. 

Characterization of fractional Brownian motion. Throughout this paper 
we work with special partitions. For t > we put tk '■= t- , k = 0, . . . ,n. 
Further, let F^ be the filtration generated by the process X. Fix H € (0, 1). 
Fractional Brownian motion has the following three properties: 

(a) The sample paths of the process X are /^-Holder continuous with any 



n 



[M]t = F- lim Y^i^tk-Mt.^if. 



(1.1) 




s,t>0. 



(b) For i > we have 




n 



(1.2) 



fc=i 



as n — > oo. 
(c) The process 



(1.3) 




is a martingale with respect to the filtration 
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If the process X satisfies (a), we say that it is Holder up to H. The 
property (b) characterizes the weighted quadratic variation of the process 
X, and the process M in (c) is the fundamental martingale of X. It is a 
martingale with the bracket CHt^~'^^ for some constant ch and is actually 
a time changed Brownian motion, up to a constant. It follows from the 
property (a) that the integral (1.3) can be understood as a Riemann-Stieltjes 
integral (see [6] and subsection 2.3 for more details). 

Fractional Brownian motion satisfies the property (a): From (1.1) we have 
that 

F.{Xt-Xsf = {t-sf''. 

Since the process X is a Gaussian process we obtain from Kolmogorov's 
theorem [7, Theorem 1.2.1, p. 26] that the process X is /3-Holder continuous 
with j3 < H. Fractional Brownian motion satisfies also the property (b). 
The proof of this fact is based on the self-similarity and on the ergodicity 
of the fractional Gaussian noise sequence '■= X^ — Xk_i, k>\. The fact 
that property (c) holds for fractional Brownian motion was known due to 
Molchan [5], and recently rediscovered by several authors (see [6]). 
Now we summarize our main result. 

Theorem 1.1. Assume that X is a continuous square integrahle cen- 
tered process with Xq = 0. Then the following properties are equivalent: 

• The process X is a fractional Brownian motion with self- similarity 
index H G (0, 1). 

• The process X has properties (a), (b) and (c) with some H G (0, 1). 
Remark 1.1. Theorem 1.1 has appeared in [4] with a different proof. 

Discussion. If if = ^, then the assumption (c) means that the process 
X is a martingale. If X is a martingale, then the condition (b) means that 
Xf — t is a martingale. Hence we obtain the classical Levy characterization 
theorem, when H = ^. Note that in this case the property (a) follows from 
the fact that X is a standard Brownian motion. 

Fractional Brownian motion X also has the following property (see e.g., 
[8]): for t > 

k=l 

as n — 7- oo. To check that (1.4) holds for fractional Brownian motion, sim- 
ilarly to (1.2), one can use self-similarity and ergodicity of the fractional 
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Gaussian noise sequence. This gives another possibihty to generalize the 
quadratic variation property of standard Brownian motion. However, it is 
difficult to replace the condition (b) by the condition (1.4). 

Remark 1.2. In the recent work by Hu et al. [2], the condition (h) is 
replaced by the condition (1-4), o-'^d with the additional assumption that [Al] 
is absolutely continuous with respect to the Lebesgue measure for H > ^. 
The authors show that the conditions (a), (c), and (1.4) o,lso characterize 
fractional Brownian motion. In our work we do not suppose the absolute 
continuity of [M] but prove it under other assumptions; however, we restrict 
ourselves to (h). 

In the next we give one auxiliary result. The rest of the paper is devoted 
to the proof, first for H > ^ and then for H < ^. 

2. Auxiliary result. 

2.1. Martingales and random variables. In the proof we use random vari- 
ables, which are final values of martingales of a special type. All martingales 
vanish at zero. 

Two continuous martingales M, are (strongly) orthogonal if [M, N] = 0; 
we write this as M _L A^. Integration by parts gives that for such M, N the 
product MN is a local martingale, and then it has a bracket [MA^]. We 
use the notation A^ • M for the stochastic integral of A^ with respect to M: 
(A^ • M)t = J^NsdMs. Let M be a continuous martingale. Put l2{M)t := 
{M ■ M)t = jI MsdMs. 

Let < a < 6 < t and p, q are deterministic continuous functions. Define 
martingales A^ and iV by A'^ = p«l(o,a] {u)dMu and Ng = Jq g«l(a,b] {u)dMu. 
The martingales A^ and A^ are orthogonal by construction, and hence their 
product is a martingale. Note that N^Ng = 0, whenever s < a and NsNg = 
NaNg for s > a. The bracket of the martingale A^A^ is [A^A^]s = whenever 
s < a and [NN]s = N^[N]s for s > a. 

For orthogonal martingales we have following lemma, which we use in our 
proof. 

Lemma 2.1. Assume that (M"''^)f>o is a double array of continuous 
square integrable martingales with the properties 

(i) With n fixed and k ^ / M"''^ and M"'' are orthogonal martingales, 
(a) For any t >0 J2k=i[-^^^'^]t — ^ ' where C is a constant. 

h P 

(Hi) For any t > maxfc[M"' ]t ^> as n ^ oo, 
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where I < k < kn and kn oo as n oo. Then for any t > 
(2.1) 

k=l 

as n ^ OO. 

Proof. Since the martingales M"'^ are pairwise orthogonal, when n is 
fixed, the same is true for the iterated integrals l2{M'^'^). Recall [1, Theorem 

1, p. 354], which states that E (l2(M"''=)i) < S2,2E[M"''=]f , here ^2,2 is 
constant independent of n, t and A;, and this together with (ii) gives that the 
iterated integrals l2{M^'^) are square integrable. Hence by the orthogonality 
of the iterated integrals 



n,k\ 



\k=l 

But 

k=i ^ k=i 

as n — 7> 00. The claim (2.1) now follows, since max^ 
and this together with (ii) gives 

kn kn 

k=i ^ k=i 

□ 

2.2. A consequence of (b). 

We fix now t and let TZt := {s G [0, t] : f € Q}. Note that the set TZt is a 
dense set on the interval [0,t]. Fix now also s TZt and let h = h{s) be a 
subsequence of n G N such that n| G N. Put AXjj, ^ := Xt^ — Xtf,_-^ . 

The next lemma opens the way to bound the bracket [M] on [0, T] for 
any T > from below and from above, and this goal will be achieved in the 
section 3.4. 

Lemma 2.2. Fix t > 0, s £ TZt and suppose that n| G N and h — >• 00. 
Then 

n^^- ± {AXt,,y'Xh^^-\t-s). 

k=n^+l 
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Proof. We have that 



n 



'■t "7 
k=l k=l 

k=l 



n— 
\ t 



()■ 



Since n^^^-i ^^^^(AXt, , )2 ^IS^^ {^H ^ ^-^^^^^ □ 

In what follows we shall write n pro n and tk pro t^. 
2.3. Some representation results. 

We shall use the following notation. Put It = /q s^~^dXs] then we have 
Xt = /oS-^-2dy, and we can write the fundamental martingale M as 

(2.2) Mt = j\t- s)'^-"dYs. 

Jo 

We work also with the martingale Wt = Jq s^~2dMs. We have [W]t = 
J^s-^^-^dlMl and [M]t = s^-^" d[W]s. 

The equation (2.2) is a generalized Abel integral equation and the process 
Y can be expressed in terms of the process M: 

(2.3) Yt = — T^—^ f\t - s)^-UMs. 

Note that all the integrals can be understood as pathwise Riemann- 
Stieltjes integrals (see [6]). 

3. Proof of Theorem 1.1: H > \. 

3.1. Basic representation. Now we shall prove that M is a martingale 
with a bracket Cfft^'"^^ for some constant ch and this, together with Lemma 
3.1, will give that X is a fractional Brownian motion with index H. 

We shall use the following modified representation result between X and 
M. 
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Lemma 3.1. Assume that H > ^ and (a) and (c). Then the process X 
has the representation 

(3.1) = ^* {s - uf-'^ ds^ dMu, 



with Bi = B{H -^,1 



H). 



Proof. Integration by parts in (2.3) gives: 

= - sf-'^M,ds. 

B\ Jo 

Next, by using integration by parts and Fubini theorem we obtain 
X, = j\^-UYs = t^-H-{H-\)j\^-lY,ds 

s^-i f\s -u)^-^Mududs 



{t- 8)^-2 Msds 2 



B 



1 JQ 

t^~i 



B 



1 JO 



{H 



^)Bi Jo Bi Jo Jo 



t"~^ 



{H - i)Si Jo 



Iff ^^{t-uf-'2 - [\s''--2{s-u)''-Us 
Bi Jo H — 7) Ju 



{t-sf-'^dMs-^ , 
rSi Jo 



s^^^(s-u)"^^ds 



dM„ 



dM„ 



= 4-/ / s"~^s -u)"-^ds 
Bi Jo Uu 

This proves claim (3.1). 



dM^. 



□ 



Now our plan is the following one: we suppose to prove that M is a 
martingale with the bracket Cut^"'^^ and this, together with Lemma 3.1, 
will give that X is a fractional Brownian motion with parameter H. 

3.2. The basic estimation. We can assume that the processes M, VF, [M] 
and \W] are bounded with a deterministic constant L. If this is not the case, 
consider a stopping time r, 

r = inf{s : \Ms\ > L or \Ws\ > L or [M]^ > L or [W]s > L}. 

Note that r is independent of the partition (t^), /c = 0, . . . , n, and hence we 
have 

n 

fc=i 
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Given e > take L big enough so that P (r < t) < e. Since our asymptotic 
results concern convergence in probabihty, it is enough to prove them only 
in the set {r > t]. We do not write the stopping time r nor the indicator 
l{r>t} explicitly in the proof below. 
We want to use the expression 



n 



fc=n4+l 



to obtain estimates for the increment of the bracket [M], with the help of 
(3.1). 

Use (3.1) to obtain 



(3.2) AXt, „ = -L [ f"'" fl (s) dMs + gi (s) dM, 



where we used the notation 

(3.3) /fc(s):= r u^-^{u- s)^-idu 



and 



(s) := f \^-^u- s)^-^du. 

J s 



Rewrite the increment of X as 
(3.4) AX,,,„ = i- (/-I + /-^ + r,' 

^ i fiis)dM, + f"" fi{s)dM, + f' gi{s)dMA . 

iJl \Jo Jtk-2 Jtk-i I 

We need such decomposition because the behavior of the kernels in the 
integrands is different for different arguments. Now we intend to use this 

decomposition and to show that the sequence n ~ Z)fc=n^+i 
verifies relation (e) from section 3.4. In order to do this we use Lemma 
3.1, decompose the increment AX^^ ^ according to (3.4) into several terms 
and apply Ito formula to the square of the increments. Then we try to find 
asymptotically non-trivial terms and terms of order op(l), and non-trivial 
terms must be of the form that will be appropriate for finding the bounds 
for \M\. We can mention even now that the nontrivial terms will appear 
when we consider the sums of the form n^^~^ YX,=n^+2 Io^~^{fki'^))'^d[^'^]y- 
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etc. So, at first we estimate the sums of such form and only then consider 
the remainder terms. 

Let us mention that the random variables I^'"' are the final values at mo- 
ment t of the martingales /o*^"^^" fi{u)dM^, //^^^-^t /^(n)dM„ and J,'^^^^^ gUu 
< V < t, correspondingly. By construction, these martingales are orthogo- 
nal. 

Next, the following upper bound holds for the functions 



(3.5) fi{s) < tl ^ (tfc.i - ^; 

note that this estimate is finite (not bounded) for s € [0, tfc-i)) find bounded 
for s £ [0,tk-2]- Further we need the following technical result. 

Lemma 3.2. For u < s we have 

(3.6) E (^^-i-)^^-^<(^ + ^-)^^-^ + 7^^(^ + ^-r-^ 
and for u < ti we have 



(3.7) ^ (t,_i - n)2^-3 < - uf"-'' + - u) 



2H-2 



k=i+2 

Proof. For u < s we have 



n , . ^2H-3 „ " + 

k=nS-+2 \ n J t 1^.^^ n 



t 



t \2J/-3 ^ ^ 



< {s + --u] +- — -(s + --uf^-^ 

by estimating the second sum in the first line from above by the integral. 
This proves (3.6). The inequality (3.7) is proved in the same way. □ 

Now we can give two-sided bounds for the brackets of the martingales in 
(3.4). As it was mentioned before, these brackets create non-trivial terms in 
our estimates. 

Lemma 3.3. Fix t > and s G TZt, and let n he such that n| G N 
and n ^ CO (we write n instead of h in what follows). Then there exist two 
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constants Ci,C2 > such that we have 



(3.8) < C2t^^-2([M]i-[M],)+op(l). 

Proof. We will not write the constants explicitly. 

Upper hound in (3.8). At first we estimate 

" rtk-2 



from above. From (3.5) we obtain the following estimate for i": 

rtk-2 

1. 

k=n^+2 



(3.9) < n^^-^^t^H+i f'~\tu-i - n)2^-3^[M]„. 



We can assume that < s < t and 2 < n| < n — 4, and rewrite the 
estimate in (3.9) as 

'^7 n n—2 n „j- 

^- < n'^-h'^+\Y: E + E E ) r - 

i=l fc=nf +2 j=nf+lfc=j+2 
n- 

(3.10^ n'^~h^^+^i:f' { E (t._i - n)2^-3)^[A/]„ 



n-2 



E r ( E (t.-i-n)2^-3)d[M]„. 
We estimate the first term in the last equation in (3.10) by (3.6): 

n- 

i=l "^^^-i fc=nf+2 

< nt\ns + t-nuf"-' 

Jo 

(3.11) + --L-(ns + t-n)2^-2)(i[M]„; 
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note that (ns + t — nu)^^~^ and (ns + t — nii)^^~^ are bounded and both 
converge to 0, as n oo. So -R^ = op(l) by the dominated convergence 
theorem. 

For the second term m the last equation of (3.10) we obtain from (3.7) 
using the estimate (tj+i — u)^~2 < (j^)^ ^ and summing: 



i=:i±+l-'U-i {2-2H)t 

< CHt^''-H[M]t - [M]s). 

Hence we have proved the upper bound (3.8) and have 

e<CHt'''-\[M]t-[M]s) + op{l). 

Lower bound in (3.8). We finish the proof of Lemma 3.3 by giving the 
lower bound. From the definition of we easily obtain a lower estimate 

" rtk-2 

(3.12) e>n'^-^ / Ui{u)fd[M]^. 

Further, for u € (ifc-3i tk-2),v € {tk-i,tk) we have v — u < ^t, u < v, and 
we get the estimate 

(3.13) [fi (n))' > 32^"3^2H-i^i-2/f^2/f-i_ 
We use (3.13) in the lower bound (3.12) to obtain 



and this gives the lower bound in (3.8). The proof of Lemma 3.3 is now 
finished. □ 

Remark 3.1. Evidently, we can rewrite similarly to (3.10) as 



„2^-3,2^+l(^ E + E E ) r Ul{u)?d[M]^ 
1=1 fc=nf +2 i=nf+lfc=j+2 



(3.14) = n'^-h'^^'j:f^ E ifii-)fd[M]u 

1=1 •'^^-^ fc=nf +2 
n—2 n 
^^2H-,^2H^1 J2 r J2 {fliu)fd[M]u, 



i=nf +1 '^^ k=i+2 
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and obtain from (3.5) and similarly to (3.11) that 



(3.15) n 



i=l fc=n|+2 



change summation indices for further convenience, and deduce from (3.14) 
and (3.15) that 



P - lim i" 

n— ^oo 



n— 2 „j n 

(3.16) = P-Jimn^^-^t^^^+i / E 



Now we return to (3.4), take the bracket of the next term and so estimate 
the term 

''~\fi{s))'d[M]s. 



Lemma 3.4. There exists a constant C3 > such that 
(3.17) n^^-i Yl ' {fi{u)fd[M]u<C,t^^~\[M]t-{M]s). 

fc=nf+2 

Proof. We have the fohowing upper estimate for the function 
fi{u) < tf-^ f" {v-u)^-ldv 

Jtk-l 



2 



1 u ^ ft 



This gives the claim (3.17). 



□ 



The last estimate for nontrivial terms in (3.4) concerns the terms of the 
form 

{gi{s)fd[M],. 

ik-i 
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Lemma 3.5. There exists a constant C4 such that 
(3.18) n^^-i f' {9i{u)fd[MU<C^t^^-''{[M]t-[M]s). 

fc=nf +1 

Proof. We have that 




This gives the claim (3.18). □ 

3.3. The op(l) terms. Now we shaU prove that after the decomposition 
of the increment AX^^, ^ according to (3.4), taking square of this increment 
and applying Ito formula to the decomposition, all the terms except the three 
brackets of the martingales become asymptotically trivial. In this order we 
take the terms of the form (J^'-')^, j = 1,2,3 and decompose them by ltd 
formula on the bracket and martingale part and also prove that the terms 
containing the cross products Ij^'^lp'' , i 7^ j, are asymptotically trivial. More 
exactly, the Ito formula implies that 

(C')' = f^"\fUv)fd[M], + 2 fj" fi{u) fi{v)dM,}j dM^. 
We shall show that 

(3.19) n^^-^ J2 fliu) ( r fiiv)dM,) dMu ^ 0, 

as n ^ 00. Evidently, it is sufficient to consider the sums of the form 

S- = n^^-i J2 ( r ftis)dM,)fliu)dM^, 

(note that ?z| > 1), since the sums 

nf+l ^ ^ 

E fi{s)dMs)fi{u)dMu 
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for n| > 2 can be considered in a similar way. We rewrite S*" as 

Sn ^ ^2H^i ^ / ( ^ ^< / fl^s)dMs)dMu = n^^-i / T^f„dM„, 
where 

We use the following version of Lenglart inequality: if is locally square 
integrable continuous martingale, then for any e > 0, t > and A > 

(3.20) P{ sup \N{s)\ > e} < 4 + > 

Q<s<t £ 

It follows from inequality (3.20) that it is sufficient to prove the relation 

(3.21) / (Tf„)2d[M]n ^0, n ^ oo. 

Jo 

First, using integration by parts, we estimate the function 

T?„= E fi{u)[fi{u)Mu- r Ms{fi{s))'sdsl ne[t,_i,t,). 
k=i+2 

Evidently, 

{fi{u))[=[l-H) j''^^ v^-Hv-uf-idv. 

Therefore, 

n 

|T^nl<^ E (/^W)' 
fc=i+2 

+^(o-^)E/fcH/ / ^^''~^(^-s)''"^d^^rf5, ue[u.i,u). 

We estimate the terms separately: since /^(n) < * ^ ^ (tfc-i — m)^"^ ^ we 
have that for u € [tj_i,tj) 

fc=i+2 fc=i+2 
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f2H+l J.4H-2 J.2H (j. ,,\2H-2 



and 

ru rt 



k=i+2 •'^ •'^k-i k=i+2 •'^k-l 

n 

k=i+2 

From these estimates, it follows that n^^^^{T^^^)'^ < C. Therefore, there 
exists the bounded dominant in (3.21). So, in order to establish (3.19), it is 

sufficient to prove that T^^„n2^~i 4 0, < u < t. We have that 
(3.22) 



Similarly to previous estimates, we obtain that 

2 



n ^ 



vfc=i+2 / ^k=i+2 

2 



k=i+2 



^3-2H \ 2 



< Cn^^-^ (^^^-— + n2-2^ j < C, for some C > 0. 
This means that the bounded dominant in (3.22) exists. Moreover, 

n^^"^ E fk{n)fi{s)<Cn'^~' E /^M • ^(u - .)^-i 

fc=i+2 k=i+2 

< Cn^^~^ ■ - C v"~^v - u)^-^dv • (n - s) 
n Ji+1 



for any s < u. Keeping together, this means that T^^^n?^ ^ 4 0, < n < 1, 
P 

whence 5" — )■ consequently (3.19) holds. Consider next the sums 

2H-1 " ' 



n 

k=n^+2 



E /'"/fcH r fi{v)dM,dM^ 

f, , ^ ifc-2 •'tk-2 
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and ^ 

^2H-i J2 f' gi{u) r gi{v)dM,dMu. 

The assumptions of the Lemma 2.1 are satisfied with martingales 
and 

Nl^^^ :=n^-2 / gi{u)dMu. 

Indeed, the property (ii) follows from (3.17) and (3.18) and property (iii) 
can be checked easily. Hence both sums are of the order op(l). The next 
statement is an immediate consequence of Lemma 3.3 and (3.19). There 
exist two constants Ci > 0, C2 > such that 

(3.23) Cit^"-^ f\^^-^d[M]u 

J s 

n 

<P-Jimn2^^-i J2 C2t'''-\[M]t-[M],). 

Similarly, one can show that the cross product sums with i ^ j satisfy 
^2H-iY^^jn,ijn,] _ q^(^\y Indeed, let i = 1 and j = 2, other cases can be 

considered similarly. We have that in this case 

k=l k=l 

where J^'^ = //^^Ij^ (/fc(s))^(i[M]s, since I^'"*^, /^'^ are pairwise orthog- 
onal. Moreover, the product sum n"^^"^ J2k -^k '^ ^k '' '^^^ considered as a 
final value of a square integrable martingale with quadratic characteristic 
J2k=ii^k'^y '^k '^ • So, it follows from Lenglart inequality that it is sufficient 
to prove the relation 

n 

(3.24) n^^-2E(C^)'4"'' ' 0. 

fc=i 

According to (3.23) we have that 

n 

P - hm n^^-i y (C')2 < C2t'''~^[M]t 
k=l 
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and also 

2H-1 „„„ / " "/rt/\\2 



n 



max f"\fi{s)fd[M],<(H-\) ' max ([M]i,_, -[M]i,_ J ^ 0, 

<K<n Jt, „ \ l<k<n 



l<k<n 



whence (3.24) follows. 

Now we are ready to finish the proof of Theorem 1.1 in the case H > ^. 

3.4. End of the proof for the case H > Suppose for the moment that 
we consider the fixed interval [0,t]. By using our estimates, we can conclude 
that for rational s, consequently for any s < t, the following claims hold: 

(d) there exist two constants, Ci > and C2 > such that 

Ci n2^-^d[M]„ <t-s< C2t^''"\[M]t - [M]s). 



This estimate can be rewritten in terms of W and [W] (recall that Wt 
Ci{[W]t - [W]s) <t-s< C2t2^-^ j\'~^''d[W]u. 



(e) 



where we can take (Pn{u) from (3.16), (3.17) and (3.18) and they equal 

n 

^iiu) = {n'^-h'^^' (/*(n))2+n2^-^(5Uu))^)l{„,[,,_,,,)} 

i=k+2 

Evidently, (Pn{u) are positive, bounded, nonrandom functions and it follows 
from (3.13) that they are separated from by some constant multiplied by 

From the left-hand side of (d), it follows that [W]t is absolutely continuous 
w.r.t. the Lebesgue measure, so [W]t = /q Osds, where 6s is a bounded, 
possibly, random, variable. From the right-hand side of (d), it follows that 

fu^-^^'e^du > -l(t2-2/^_,il-2//) > ^^(^2-2H_^2-2H) ^ 
Js L^2 Js 
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This means that ^ 

J s 

whence we immediately obtain that Ou{uj) > C3 > for almost all u,u}, 
conclude that [W] is equivalent to the Lebesgue measure, and so Wt = 

J^OidYs, where {Vs,Fs,s > 0} is some Wiener process. 

Now, if we do all the same calculations as before, but for "true" fractional 
Brownian motion B^^ , we obtain that 

P- hm n^^-i y (ASf )2 = P- hm f\l^s'''-'ds 

fc=nf+l 

(It is sufficient to take s = 0.) Therefore, P — lim.„^oo /g* ^uC^^^ = 0, where 

From here we obtain that 6^ = 1 (otherwise, consider the set D = {(w, u): 
0„ > 1 + a, or < 1 — a} for a > 0; evidently, it has zero measure). 

4. The proof of Theorem 1.1: H < |. For H < ^we use, in general, 
principally the same ideas. However, technical details are different. Indeed, 
it is well-known (see e.g., [6]) that the kernel z{t,s) participating in the 
representation of X via M or W (see (4.2)) is more complicated in the case 
H < ^. The brackets of the martingales that are to be estimated as before, 
also have additional singularity, because power 2H — 1 or other powers of 
such form are now negative. Therefore the proofs are more technical, and 
the reasons for this will be mentioned below in all such places. 

4.1. Starting point. At first, consider the Holder properties of the pro- 
cesses involved. We can note the following: since H < I, it IS very sim- 
ple to prove, using integration by parts, that the process Y has the same 
Holder properties as X, i.e., it is Holder up to order H. Further, it follows 
from Lemma 2.1 [6] that M is Holder up to order ^. Therefore, for any 
0<so<s<t<T and /? < ^ there exists such constant K = K^^^^p that 
\Wt — Ws\ < KsQ^i3{t — sY . Now it is more convenient to consider W instead 
of M. We shall show the following inequality 

(4.1) Ci {[W]t - [W]s) <t-s<C2 {[W]t - [W]s) 

first for arbitrary t > and s G TZt, s < t. Recall that we can assume the 
processes W and [W] to be bounded, as in section 3.2. 

For < I we use the following representation result, which can be proved 
as [6, Theorem 5.2]. 
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Lemma 4.1. Assume that H < ^ and (a) and (c). Then the process X 
has the representation 

(4.2) Xt= f\{t,s)dWs, 







with the kernel 

1/2-H 



Z{t, S) = (i_s)^^-V2_(^_l/2)sV2-/^ ^ 

Put 



u - s)''-'/^du. 



'tk-l u 

for z < tk^i. 

Using Lemma 4.1 and integration by parts we can now write the increment 
of X as 



+ / i^] {t, - sf-'/' dWs 



r .1/2-^ f'\''-'/\u-sf-'/'dudWs 



'*fe-i 

jn,l . jn,2 . jn,3 , Tn,4 

Evidently, 

limn^^-i = limn^^-V J] (j,"'^' 

fc=n|+2 /c=n|+2 

n r, 

A:=nf +2 
n 

fc=n|+2 

As before, 

(4.3) Jin^n^^- ± {AX.^^^f 'V t^^-\t - s). 

fe=nf +2 
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First, estimate 



lim n^^-i y J!''' 



from below and from above. We start with the analog of Lemma 3.3. 

4.2. Two-sided estimates for the sums ■n?^~'^ YJk=ii^+2 /o'°~^ ipXi.^))^ ^[^]^ 

/o 



We decompose this sum as in the case of the proof H > ^ (see (3.10) and 
(3.14)): 



n—2 n 



,j=lfc=nf+2 i=nf+lfc=i+2/ 



Evidently, for s < tfc_.2 

(,,_._. rii).(^(i)''- 

Therefore, for such n that n| G N we have that 



V n 

(4.4) t ftV^\2H-2 



2-2H \n 



i=nf +1 

,2H-2 



n 



We divide the integral Jq {s + — u) d[W]u into two parts, 

lo (s + i- uf^~^ d[W]u and /I (s + ^ - n)^^"^ The first integral 

can be estimated as 



t . . fs 
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whence v?^~'^t /q^ + ~ '^)'^^ ^ — > 0, n ^ oo a.s. As to the second 
part, we apply the following inequality from [6]: let the function / : [a, 6] — ?• i? 
is Holder on [a, b] of order /3, \ f{t) — f{s)\ < K\t—s\^. Then for any p > — 1+/3 
and b < V we have that 

(4.5) I J\v - u)Pdfiu)\ < k{i + \j^\){{v - b)P+P + {v- a)P+P). 

According to Holder properties of TV, mentioned above, we can take any 
< /9 < I and define for any r € (§,i] the random variable 



Kr{u}) = sup . 

^<u<v<r {V-U)P 

Evidently, 'P{Kt[uj) > N} , N ^ oo. Therefore, it is enough to prove 
that Jt^"" {s + j^-uf"^'^d[W]un'^^~^ ^ ,iV ^ oo for any > 1, 
where tm = inf{r > | : Kr > A^} A t. According to Bur kholder- Gundy 
inequality and (4.5), 



<Cn'^-^E s + --u] dW^^ 



n 



, n 00. 

The same is true for 



2H-3 



(s + --uj 

The last two integrals from (4.4) admit the evident estimate t^^~^C2 {\W]t — \W]s) ■ 

The "remainder" term for ^ ("^1 ) ' difference between ^ ^J^ 

and j"'^, equals 



fe=raf+2 
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For technical simplicity, it is enough to consider X]fc=3 fo'^ r € N, 
instead of 

ELnf +2 = - Efcir + ELs- We obtain that 

(nr k—2 \ ^ 

EE / / pUv)dw,-pi{u)dwJ 



AH-2 



'nr-2 nr .t- 



n 



AH-2 



i=l k=i+3 
nr—2 „f. I nr 



E E E / / v\{v)dW,-v\(u)dW^ 



n 



EE/ E / V\i^)<^'^--V\{u) \ d{W\^. 



Let us estimate 



pi{v)dw. 



pl{y)Wu- j^w,(pi{v))[dv 



< L 



+ L 



pUv)) dv 



We have that 

{pi{v))[dv 
Moreover, 



pi{u)-pi{o) 



<c{- 

n 



H- 



for some C > 0. 



n 



2H~l 



nr \ / 



and the integrand 



2H-1 



n 



AH-2 



-{tr - uf-'^ + {ti+i - uf--^] <C, 



nr u \ 

/ pi{v)dW,-pi{u)\ <C, 



i.e. there exists the integrable dominant. Therefore, it is sufficient to establish 
that for any u 



,2H-l 



n 



r pi{v)dw,-pi{u)^^. 



k=i+3 ' 
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We take the mathematical expectation in the left-hand side and obtain that 

i-u ( rir \ ^ 

^m-2^j j2 pi{v)pi{u)\ d[wu. 

Also, here the bounded dominant exists. Indeed, 

nr \ ^ I nr \ ^ 

k=i+3 J \k=i+2 J 

as before. Further, we must prove that 



nr 



k=i+3 



for all fixed < v < u. We have that 

nr nr 



X 



E pUv)pi{n)<n'^-' E / ' is-u)^-lds 

..=i+2 A:=i+3 ^'^-i 



< Cn^ 2 (ti — v)^ 2—5-0, n — )> oo for any Q < v < u. 

P 

From all these estimates, the remainder term Rn —?■ 0. 
For the lower bounds, return to [M] instead of [W]: 



fc=n| 



>*v^"^(E E + E T.ytk?''-' r {tk-u) -d[Mu 

i=l fc=n|+2 i=nf+lfc=i+2 
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J.2H+12H-2 



n—2 „i- 1 



i=nf+l 



Note that 



n—2 



„2H-2 I f4. „.^2/^-2, 



Therefore, 



2\ 2//-2+/3 

t-t + -] ■ n^^"2 0, n ^ oo. 

n J 



hm n^^-i y 

A;=n|+1 

i=„| + l"'*i-l 



11—2 

Combining this with the upper estimate and taking into account the es- 
timate of the remainder term, we have 
(4.6) 

n 2 

Cit''''~\[M]t-[M],)<\mi^n'''~^ E (-^i") < ^2*'^"' - • 

fc=n|+2 

(Note, that for H € (1/2,1), we obtained opposite estimates.) Note also 
that we cannot immediately estimate ("^i^) ) ^ > from above. In- 

deed, the integrand of the form \t:^—u\ that admits the estimate 



< \i) ^0 for H € (1/2,1), now, for H G (0,1/2), tends to oo. So, 
we can mention that X]fc=n^+2 {^2 + '^s + "^4 ) — suppose to prove that 
S Ji {j2 + -^3 + Ji) 0) and from this, from condition (b) (or (4.3)) and 
from (4.6) obtain the estimate from above: 

Cit2^-i([M]i-[M],)<(t-s). 

In the sequel, we realize this plan. 
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4.3. Auxiliary estimates for "mixed" terms. We will show that as n —>• oo 
we have 

(4.7) n2^-i5:J-^(j-VjrVjr)^0. 

k 

It is sufRcient to estimate the sums from k = 2 till k = n. By applying the 
Lenglart inequality to n'^^~^ J2k=2 ^k '^ "^k '^ ^° final value of corre- 
sponding martingale, we obtain that it is sufficient to prove that 

< Cn^^"2 J2 ( f"'" p\{s)dW^ f'~' {tk-i - d[W]s ^ 0. 
Integrate the last integral by parts: 

- {2H - 1) (t,_i - ([I^]i,_, - [W],) ds 

< Cn^-^^ ^[W]t,_, + C - sf""-' {[W]t,_, - [W]s) ds. 
Now recall that ^ 

^f^"%i{s)dw)i 

= f^'~\pi{s)fd[W], + 2 J^"" J\iiv)dW,-pUs)dWs. 
Evidently, 

^n,i ^2H-i j2 1"'-' [piis)yd[w]s < 

SO, it is bounded in probability, and, absolutely similarly to Rn, 

:= J2 r pi{v)dW, ■ pi{s)dWs ^0, n ^ oo. 
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Therefore, 

< Ca""'^ ■ maxA[W]t^_^ + Ca"'^ • maxA[W]t^_^ ^0, 7i ^ oo. 
Also, 

X {[W]t,_, - [W]s) ds < C{uj) + a" A r?"""' f'" {t^-i - sf^^^-' ds 

^ ^ Jtk-2 

< C{lo) + n^^-i - ~ (^) ' ^ ^ 0' ^ ^ 

It means that we proved one of the necessary relations: Z]fc=2 '^k'^^k''^ ~^ 

as n ^ oo. 
Consider 

As before, it is sufficient to prove that 

" / rtk-2 \ 2 /-tfc / „ \ 1-2H 

E (/ ■ X ^ (^) - sr-' d[w]. ^ 0, 

n ^ oo, 

or, equivalently, 

(4.8) n^""^ max {tk - sf^~^ d[W]s ■ (a"'^ + a"'^) ^ 0. 
Jtk-i ^ 

Note that by [6] and due to Holder properties of [VK], 

r - sf""-^ d[w]s < c{uj) - tk^if"-' ~ 

whence we obtain (4.8). 
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Now, consider n?^~^J2 "^k'^^k'^'i other sums can be estimated similarly. 
After some transformations, 

4H-2 



n 

k=2 



< n^^-i max^*' ^f^ u'^'-^du ■ j\u - sf^^-^u^ d[W]s ■ (a^^^ + 



9 TJ 1 

< n max 



< Cn2^-i max /*' _ ^^2H ^j^^^ . / „„i ^ ^„„2\ 

<Cn-- max /*' {tk - sf"^^ d[W]s ■ fci"'^ + (t"'^) 
n k Jt^_^ V J 

< C max {tk - tk^i f^-' ■ (cj"'^ + C7"'2) ^0, n ^ oo. 

4.4. Upper bounds for [M] and [W]. Due to all previous estimates we 
can realize our plan and conclude that 

n 

fc=nf +2 

i.e. 

[M]t - [M]s < -s) = C2 - St'-''') < C2 (t-^^ - ."2^) , 

or 

fu'-'''d[W]u<C2 fu'-'^'du. 

J s J s 

As before, it follows that \W]t is absolutely continuous w.r.t. Lebesgue 
measure, 

(4.9) [W]t= f Osds, 

Jo 

< 9s < C, C is some constant, 9^ possibly is random. Of course, it is 
not our final goal, but now we can proceed with the above estimates for 
j{iH~i Y^^^^±j^2 {J^'^) , i > 1 and this, together with condition (b) (or 
(4.3)) and (4.6), will give us possibility to obtain lower bound for [VFjj — [VF]^, 
i.e., to obtain (4.1). 
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4.5. Lower bound for [W]t — [W]s. We can continue estimates from above: 
for example, if we take for simplicity the sums over k = 2 till k = n, then 



n 



k=2 



k=l 



d[W]s + Cn'''-' ( /" pi{v)dW, ] pi{u)dWu, 



and now we need an estimate < — s)^ 2 C. 

Therefore, 



< Cn'^-' ± it,.^ - sf-' d[W]s. 



Direct estimates now give nothing (because of singularity at the upper 
point So, we go by an indirect way: for some ^ > 0, 

it,., - d[W]s < + ^ 

tk-2 •'tk-2 *'=-l~TrA 

(thanks to (4.9)) C ^ (tfe_i - sf^~^ ds 



Taking the sum, we obtain: 

n . . . 2H-1 ^ f ^2H 



k=l 



If we estimate the sum from A: = n| + ltofe = n, then 
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= C^1-2H^2H-1 _ ^ c^t'^~\t - s). 

Now we want to prove that cj"'^ —^0, n — t- oo. As usual, it is enough to 
estabhsh that 



n 

fc=i 



Now we can bound [W]u by Ciin, take the mathematical expectation, and 
note that {pI.{u)) < Cn^'"^^ . so, it is sufficient to prove that 



E / f {piiv)yd[Wl {pi{u)fdu ^ 0. 
Since Cdv bounds (i[Vl^]t,, we have that this value can be bounded by 

<CJ2 ' ( /" dv \ du<-C^ 0, n 00. 



k=l *fe-2 \"'*fe-2 / ^ 



Finally 

/ Tn,2 



1 



fc=nf +2 

Now, proceed with J^'^'- 

2H- — ' ^ rU. I / . \ o ti 

? \ ,ji \ — II 7 

The first term can be estimated as 

^ ,. x2R-l ,rT^,n , ^ / I \ /r^^,i r^^^i s 



as before. 
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And with the bound < Cds, the second term can be estimated as 

ELi IL^ (^'^ - - ""f"'' < Cn-' ^ 0. There- 

fore, for J2 [Jk') have the same estimate as for J2 (•^fe'^j • FinaUy, 



estimate 

2 



k=l k=l V^k~i Js 

n pi, / pi, \ 2 

= Cn^^-^J2l' s'-'^'i^J^ u^-Hu-sf-Uvj d[W]s 



+cn^^-^j2r r r y''--'{v-s)^--2dvdw, 

k=l *fe-l * 



X u^2^^ I v^~i{v - u)^^^dvdWu. 

J u 

The first term can be estimated with the help of (4.9) as 



^2H-i^i-2Hj2 f f\^-l{u-s)''-'^duY d[Wl<Cn-^'' ^0 n^oo. 

fc=2 ' 

If A: = 1, then for i + | = 1, p, g > 1 

n2H^ltl~2H ['^\H~^^_,f~hduy ds 



rt/n / rt/n \ / rt/n \ ^/'^ 

I [Is ^"^"""'^^^ / {^-4''~-'^'du\ ds 



n 



2i?-l .1-2// / 2//-3+- / r \ 9 , 2//-1+1-2// / 

n t / s p \ s ] as~ n t ' 



n J \n 



i.e. the "main term" of "n?^ ^ X]fc=i ("^fc tends to 0. For the remainder 
term of n^^~^ Z)fc=i ("^fc ; sufficient to prove that for any e > 



~n,3 ^4//-2 1^ Z-*^ r ("s^^ 



imsart-aop ver. 2009/08/13 file: levy-aop-final.tex date: April 23, 2010 



CHARACTERIZATION OF FBM 31 




After all estimates, for s > 

n r, 1 

^^T^" E (^^*-) <C2A'-'''t'''-H[wh-[w]s)+c't^^-\t-s). 

k=nj+2 

We have the opposite estimate, 

n „ 

< CsA^-^^t^^-^ {[W]t - [W]s) + C2-^t=^^^^(t - s). 
So, for A sufficiently large, C3 := Ci — 6*2^^77- > 0, and we obtain that 

whence [W]t — [W]s > ^A^^~^{t — s), and constants do not depend on s 
and t. Therefore, if we write [W]t = J^pgds, then ei < Ps < £2, > 0, and 

t 1/2 

M/j = j;;p7 dVs with some Wiener process V. Then we can conclude the 
proof of the theorem by the same arguments as for H € (1/2, 1). 
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